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Abstract 

We show that the action of universal i?-matrix of affine Ugsl2 quan- 
tum algebra, when g is a root of unity, can be renormalized by some 
scalar factor to give a well defined nonsingular expression, satisfying 
Yang-Baxter equation. It reduced to intertwining operators of all rep- 
resentations, corresponding to Chiral Potts, if the parameters of these 
representations lie on well known algebraic curve. 

We also show that affine Uqsl2 for g is a root of unity form the 
autoquasitriangular Hopf algebra in the sence of Reshetikhin. 
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1 Introduction 



The intertwining operators of quantum groups ([|], ^ |^) lead to solu- 
tions of Yang-Baxter equation, which play the crucial role in two dimen- 
sional field theory and integrable statistical systems (0, Q). It is well known 
that the most of them can be obtained from the universal i?-matrix 
for a given quantum group: the solutions of spectral parameter dependent 
Yang-Baxter equation can be obtained from the universal i?-matrix of affine 
quantum groups (0) and the solutions of non-spectral parameter dependant 
Yang-Baxter equations can be obtained from the universal i?-matrix of finite 
quantum groups. 

The situation is not the same for the case, when the parameter q of 
quantum group is a root of unity. 

In this case the center of quantum group is larger and new type of repre- 
sentations appear, which have no a classical analog ( 0, H, P] ) . It was shown 



in |]T0|, |TT| that the cyclic representations lead to solutions of Yang-Baxter 



equation with a spectral parameter, lying on some algebraic curve. These so- 
lutions correspond to Chiral Potts Model ([|r^, 0, |T^) and its generalizations 
(for quantum groups 

The formal expression of the universal /2-matrix fails in this case: it have 
a singularities at g is a root of unity. Recently in Reshetikhin introduced 
the notion of autoquasitriangular Hopf algebra to avoid these singularities. 
He treated the Uqsh case. 

The main goal of this paper is to show that after suitable renormalization 
by scalar factor the universal i?-matrix produces i?-matrices for concrete 
representations. 

In section 2, we consider the universal i?-matrix on Verma modules of 
Uqsl2 for g is a root of unity. We prove that it is well defined and make a 
connection with the i?-matrix of autoquasitriangular Hopf algebra, founded 
by Reshetikhin. 

In section 3 we consider the algebra Uqsl2 at roots of unity. We found 
the central elements of its Poincare-Birkoff-Witt (PBW) basis, generalizing 
the results of for affine case. It appears that new type of central elements 
appear for some imaginary roots, which have no analog for finite quantum 
groups. After this we prove the autoquasitriangularity of Uqsl2, generalizing 
the results of [|1^] for affine case. Then we consider the action of affine univer- 
sal i?-matrix on Uqsl2- and [/„s/2- Verma modules. On [/„s/2-Verma modules 
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it is well defined. For f/qs/2-Verma modules (evaluation representation) we 
renormalize its expression by scalar factor to exclude the singularities. The 
rest part lead to solutions of infinite dimensional spectral parameter depen- 
dent Yang-Baxter equation. We showed that under the certain condition this 
i?-matrix can be restricted to semicyclic representations, giving the Bolts- 
mann weights of Chiral Potts model, corresponding to such type represen- 
tations, which was considered in [0, 17, 18, 19|. The condition, mentioned 



above, is on the parameters of representations: they must lie on well known 
algebraic curve. It is integrability condition of Chiral Potts model. 

In the last section we made same type suggestion for the cyclic represen- 
tations. 



2 The Uqsl2 case 

2.1 The Universal i?- matrix on Verma Modules at root 
of unity 

The quantum group Ugsh is a [q, g~^]-algebra, generated by the elements 
E, F, K with the following relations between them 

[K,K-^] = Q [E,F] = ^^^^ (1) 
KEK-^ = q^E KFK-^ = q-^F, 

On f/gS/2 there is a Hopf algebra structure with comultiplication A : 

f/qS/2 — * Ugsl2 ® Ugsl2 defined by 

A{K) = K(g)K A{E) = E (g)l + ^ E A{F) = F ^ K + 1 (g) F 

We denote K = q^ , q = e^, as usually, and consider the [[/;.]] -algebra 
Uhsl2 with the same defining relations. Uhsh is a quasitriangular Hopf al- 
gebra, i.e. it possess the universal i?-matrix R G Uhsh ® Uhsh connecting 
the comultiplication A with the opposite comultiplication A' = cr o A, where 

cr{x ®y) := y ® x: 

A'(a) = RA{a)R-\ Va G Uqsk (2) 
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It satisfies the quasitrialgularity relations 

{A®1)R = R1SR23 {l®A)R = RnRi2 (3) 
and Yang-Baxter equation (||T]]) 

R12R13R23 = R23R13R12 (4) 
Here we used the usual notation: ii R = J^i^^t ^ bi, ai,bi G Uqsl2, then 
R12 = '^ai^bi^l Ri3 = ^ (g) 1 (g) 6i R23 = ^ 1 ® ai (8 6j 

ill 

The explicit expression of R in terms of formal power series is 

R = expg-,{{q-q-^){E®F))q-2'"^" (5) 

where the g-exponent is defined by exp^(2;) = J2n>o JTpi^ i^)q '■~ 

Note, that to be precise, t/qs/2 is not a quasitriangular Hopf algebra, 
because the term g^®^ in do not belong to Uqsl2 ® Uqsl2, but it is an 
autoquasitriangular Hopf algebra ([|15|). The latter is a Hopf algebra A, 
where the condition (Q) is generalised by 

A' = ^(A), 

where R is an automorphism of A^ A (not inner, in general). So, although 
(H) is ill defined on but the action 

R{a) = RaR-\ (6) 

where a e Uqsl2 ® Uqsl2 is till well defined. 

For two representations of f/qs/2 Vi and V2 one can consider two UqS^- 
actions on Vi ® V2 by means of both comultiplications A and A'. If i? is 
defined on Vi ^ V2, then both A- and A'-actions are equivalent via inter- 
twining operator Rvi^V2 = R\vi(g>V2- general q the restriction of (|^) on 
tensor product of two irreducible representations (in general, of any highest 
weight representations) is well defined. And all solutions of Yang-Baxter 
equation (^), having Uqsl2- symmetry in sense of (H) can be obtained from 
the universal i?-matrix (|) in such way. 
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The situation is different for q being a root of unity. In tliis case tlie 
singularities appear in tlie formal expression of R. 

Recall that for q = exp (^) the elements , , K^, where N = N' 

for odd N' and = ^ for even A^', belong to the center of Uqsl2- In 
irreducible representations they are multiples of identity. Recall that every 
A^-dimensional irreducible representation is characterized by the values x, z 
of these central elements (and also by the value of g-deformed Casimir c = 
+ EF, which for the fixed x, z can have in general discrete 



Kq+K-^q- 

values (0)). 

Although the expression of i?-matrix of f/gs/2 has singularities for 

q^ — > 1 in all terms t^t — r-f'" ® for n > N, its restriction on tensor 

^ ("J, -2! — ' 

product of Verma modules Ma^ ® is well defined. 

Recall that Mx is formed by the basic vectors v^, m = 0, 1, . . ., satisfying 

Ev^ = Fvm = i^^+i Hvo = Xvo, A G C 

To consider the action of R on Ma^ (8> Mx^ we use the formula, which can 
be obtained from the defining relations (0) (0): 



min(n,s) 

[E-,F^]= y: 



n 
3 



s 
3 



[j]\F^^ni[[H + j^n-s + r]]E^- 



vr=l 



where 



a 
b 



Qj] ! q^ — q ^ 

and \n\ = \n\q = — . 

q-q 1 



[b]\[a-b]\ 



So, for n > s , f " = and for n < s: 



(n) 



E"- 5, n(n-l) 

r< = ? ^ 



J]^ [A — s + r|t> 



A 

s—n 



r=l 



The g-binomial 



s 
n 



has a non-infinity limit for q 1. So, 



(Xi-2s)(X2-2s ) n(n-l) 



q 2 (q-q 



-l\n 



n=0 



S 

n 



r=l 



+n 



(7) 
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is well defined for g is a root of unity. 



2.2 The connection with Reshetikhins i?-matrix of au- 
toquasitriangular Hopf algebra 

This i?-matrix can be presented in another form by using resent results of 
Reshetikhin He used an asymptotic formula for g-exponent in the limit 

— i> 1 to bring out multiphcatively singularities from exp^{{q — q~^) E ® F) . 
The expression of universal i?-matrix in this limit then acquires the form: 



R = exp(^Li2(F^®F^)j(l-F^®F^)-^ 



N-l 



n (1 - e^^E ® F)-tg2^^®^^ . 0{h) 

■m=0 

Here q = exp{h)e, e = exp(^) and Li2(x) = — / ^^^^y^rfy is a dilogarit- 

mic function. 

Recall that although the elements 

pN 

and H 



don't belong to for q^' 1, but their adjoint actions 

ad(x)a = [x, a], Ad(exp(x))a = exp(a;)aexp(— a;) = exp(ad(x))a 

on Uqsl2 are well defined in this limit and give rise to some derivations (0). 
Let's denote them by e, / and h correspondingly. 

The element 2^^Li2(-E^ ® F^) in the exponent of (|) in the adjoint 
representation also acts on f/gS/2 ® Uqsl2 as a derivation in the limit ^ — . 
It can be expressed by means of the derivations e and / as follows: 
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where 

_ / -(1 - £-2)-JV fo^ (jy/ _ 

~ \ (-l)'^(l - e-^y for even AT (AT' = 2N) 

Note, that 

is well defined in the adjoint representation. 

So, one can write down the automorphism R @ in the limit — 0, 
obtained in [1^ , in the following form 



N-l 

R = n Ad((l-e'"^®F)- 



m=0 

X exp - e-r'^ '^'^'^f^pP {e^F- + E-^ /)) (9) 



Let us now consider the restriction of (|^) on the quotient algebra obtained 
from Uqsl2 by factorisation on the ideal, generated by , i.e. impose E'^ = 
0. Although this ideal is not stable with respect to derivations e, /, h, it is 
easy to see that it is stable with respect to R. 

Moreover, the left Ugsl2 ® f/gS/2-niodule 

is also stable with respect to R. Here we denoted by I\ the left Uqsl2- 
module, generated by E and {K — e^). This fact allows to restrict @ on 
Verma modules, because we have the left ?7gS/2-niodule equivalence 

{Uqsh ® Ugsl2)/Ix„it = Ma, ® Mx, 

So, one can derive from @ the restriction of R on this factormodule is 
given by the multiplication on 

'''For quantum groups one can introduce 4 equivalent comultiplications: A^, A^, A^-i, 
A^_i ill- till the comultiplication A^_i had been used as a basic one. So, i?-inatrix, 
used there, is ^^^^i in our notations and differs from A^-case used here by permutation of 
g-exponent and qh^®^ , 

^Note that both h and e are well defined on M\ in contrast to / 
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N-1 
m=0 

X exp((l -£-2)-^(e®F^))Ki®5'^®i^5'^^i (10) 

This expression is another form of expression of universal i?-matrix (|^) on 
Verma modules and coincide with (|^). 

3 The case of affine UqSl2 

3.1 The PBW basis and the universal i?- matrix 

The affine quantum universal enveloping algebra f/qs/2 is a [q, g^^]-Hopf al- 
gebra, generated by elements Ei := Ea^, Fi = Fa-, Ki = z = 0, 1 and g*^ 
with defining relations 



[qH.^ qH,^ ^ g'^'g^' = g^^g'^ [E„ F^] = 6i,[Hi]^ 
q^'Ejq-^' = q^'^Ej q^'Fjq-^' = q''"'^ q'^E^q''^ = qEi (11) 
qdp^q-d ^ ^-1^^ q'^Eoq-'^ = Eq q'^F^q-'^ = Fq 
{adgEiY-''^^ Ej = (adgFiY^''^^ Fj = 

and comultiplication 

A{q^') = q^' (g) q^i A(g'^) = q'^ ® q'^ 

A{Ei) =E,01 + g-^» ® E, A{Fi) = ® g^> + 1 ® 

Here we use the g-deformed adjoint action {a.dgx)y := J^i^iysi^^), where 
^{x) =J2iXi® X* and s : Uqsl2 — > is antipode of Uqsl2, defined by 

s{E,) = -KiE, s{F,) = -FiKr^ s{Ki) = R-' 

Also we denoted by Uij the Cartan matrix of affine s/(2) Lie algebra 



2 -2 
-2 2 
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Let's denote by c the central element c = Hi + H2. 
Define on Uqsl2 an antiinvolution t by 

As above, denote by Uhsh the [[/i]]- algebra with the same relations but 
the elements Hi instead of 

The PBW basis of Uhsl2 is formed by elements Hi, d, Ea^^nS, Fa^^nS, E'^g 
and F^g, which are inductively defined by the relations 



Eao+nS = ( — l)"(ad£;^)"i?o £^ai+n<5 = {^^e'^'^Ei 

F'nS = ['2]^'^{Eao + (n-l)sEi - q^"^ EiEao+{n~l)s) (12) 

The expression of the universal i?-matrix of Uhsh is simpler if one redefine 
E'^g and F^^ by means of Schur polynomials (!§]): 



0<fci<...<fcm 

kipi+...+kmPm=n 

FLs = ^(F'^s) 

In order to rewrite all the relations between ([12|) in compact form it is 
suitable to change slightly the basis as follows: 



Eao+n5 = i-irq-'^^X-^ik-' E^,+^s = (-l)"g-('^+2)n^+ (13) 



^n—2n 



F's = i-ir^A-,i^nk-' F^s = (-P--'^"" 



g2_^-2^«'^ V V [2] 



-a. 



Then the elements xj, (n G Z), a^, {k E Z, k 7^ 0), ipm,^-m, > 1) 
and ipQ = ifQ^ = k satisfy the following relations 



9 



(14) 



m+n H H^m+n) 



E^=o ^mz-^ = k exp ((g - q-^) E^=i a^z-^) 
E^=o V-mZ"' = exp (-(g - q-^) E^=i a.^z'^ 



These relations had been introduced by Drinfeld in |20| and define another 
reahzation of affine algebra Uqsl2- The antiinvolution l in this notations is 



L{q) = q ^ 



We choose the normal ordering of positive root system A+ of f/gs/2 as 
follows: 

ao, ao + 6, . . . , ao + n6, ... 5, 25, ... , n6, . . . , cti + n6, . . . , cti + 5, . . . , cti (15) 
Then the universal i?-matrix has the form ||6ll: 



R 



nexpg-2((g-g ^){Ea^+n5 ® Fo,,+ns)) 



>n>0 



X 



X 



>o y y 



\n>0 

n exp,-.((g - q-'){E^,+nS ® F.,+„5)) I gl^^o0/^o+c«^+* 



where the product is given according to the normal order (p!5|). 



(16) 



3.2 Uqsl2 at roots of unity 

For q being a root of unity {q = e, e = e~) the center of is enlarged 

by the A^-th power of the root vectors, as for finite quantum groups: 



[E!',x]=0 [Fi^,x]=0 [Kf,x]=0, 



(17) 



where 7 G A_|_ := {oj + n6, m6\n > 0, m > 0} and x G UeSl2. 
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These conditions for the simple roots 7 = can be proven by using the 
defining relations of Cartan-Weyl basis (pUD as for finite quantum algebras it 
had been done in |Q. Indeed, using 

recalling that g-deformed adjoint action adg is a f/gs/2-representation: 

a.dq{ab)c = a:dq{a)adq{b)c, Va, 6, c G Uqsl2 
and using Serre relations in ([T^), we obtain for i ^ j, N > 3: 
[Ef = ad,(Ef = {8.dq{E,)fE, = 



Other commutations in (|T^ for 7 = can be verified easily. 

To carry out ( ]T7| ) for other roots one can try to use the isomorphism, 
induced by the g-deformed Weyl group. In affine case it had considered in 
But it is easier to use the symmetries of Drinfeld realization of Uqsl2 
directly. It is easy to see from (JT^) that the operation lj± on f/gs/2 defined 
by 



^±itpn) = q^^n i^±{^n) = ^^Vn ^^±{c) = C (18) 

is an algebra automorphism. As the roots can be obtained by applying u)± 
from the simple ones, we finished the proof. 

In addition to this, the elements EkNS, FkNS are central for k E N+. This 
can be seen from (jM]) and ([T3|). These central elements have no analog for 



finite algebras. 

The adjoint action of 7 e A+ and ^p!^^^^, /kN^l^-lkN 

lead in the limit — * to derivations of Uesl2-, which we denote by e-y, 
Cfc, fk correspondingly. The action of automorphism uj on these derivations 
inherits from its action on corresponding root vectors. 

3.3 The Universal i?-matrix at roots of 1 

Now let's consider the expression of universal i?-matrix (^) in the limit % 
0. The singularities, which appear in all g-exponents, are the same type as in 
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the expression of universal i?-matrix of Uhsl2- New type singularities appear 
due to the factor ^2kN^_^q-2kN in the exponent before all term EkNS ® F^ns for 
any natural k. 

But as in Uesl2 case, the adjoint action R of R on Uesl2 ® Ussl2 is well 
defined. 

Indeed, the adjoint action of every g-exponent term 

R^ = expg-2((g - q~^){E^ ® F^)), 7 = + n(5 
in (1^) can be treated as it has been done in Ussl2 case: 

N-l 

limAd(i?^) = n Ad((l-£"^F^®F^)-^) 

m=0 

X exp (c, '""^''f^pP (e. ® + 

where c^' is defined by (|]). 

From ([T3|) and (|l^) it follows that the operations 

also are the derivations on [45/2, as it was mentioned above. So, 



i?feAr5 = lini Ad(i?fciv5) = lini Ad exp -rr^ zttj^^ 



qkN _ q-kN' 



kNS ^kNS 



= exp(efc (g) FfcAT^ + EkNS ® A) , 

gives rise to an outer automorphism of Uesl2- 

Finally, the right term in (|l^) has the following adjoint action 

Here ho = ad(iJo) is a derivation on Uqsl2- 

So, we proved, that the quantum algebra Uesl2 is autoquasitriangular 
Hopf algebra with the automorpism 

R=[\{RAk, (19) 

V7eA+ / 

where the product over positive roots is ordered according to the normal 
order (p]5|). 
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3.4 The universal i?-matrix on Verma modules 

Consider now Verma module over with highest weight A. It is 

generated by vectors 

<...fc„ = ^t"---<'^o h,...,K = 0,l,... 7eA+ 7i<...<7„, 

where is a highest weight vector: 

E^v^ = Hv'^ = X{H)v^ 

As for Uqsl2-ca.se all terms i?^ and K in the product of universal i?-matrix 



(|T6D are well defined in the limit — 0. Indeed, there is a well defined action 
of derivations e^, Cj on Mj^ by 



Moreover, in the action of (|1^), on any vector x G M^-^ ® M^-^ the term i?^ 
with sufficiently large 7 give rise to identity and only finite number of 
survive. In the decomposition of each such also survive only finitely many 
terms. So, the action of i? on x G M^-_^ ® M-^_^ is well defined 

To define the action of the Universal i?-matrix (0) on f/gs/2- Verma mod- 
ules, the spectral parameter dependent homomorphism p^: Uqsl2 — >■ Uqsl2 
must be introduced 1311 : 



= E p,{F^,) = F p,{Ho) = H 
p,(Kj=xF p,{F^,)=x-^E p,{Hi) = -H 

Note, that in this representation the central charge c is zero. Under the 
action of px the root vectors acquire the form 



Ea,+n5 = {-lYx^+^Fq-^^ F^,+n5 = x~^'^ q^'' E 

E'^s = - q-^FE) (20) 

= (zgna;-'^g(n-i)/^(irF _ q-^EF) 
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Substituting this in the expression of affine universal i?-matrix following 



22], one can obtain the spectral parameter i?-matrix: 



(p. ® py)R = (^^^ R' (^^^ R- (^^^ IC, (21) 



where 



n>0 

R'i^) = ^^pfE ,2n -2n ^'' Ens ®F^s] (22) 

\n>o y y 



R-{z) = nexp,-2 ((g-g-^)^"+^(Fg-"^®g"^E 

n>0 



Now we consider (|22D on Verma modules Ma of f/gs/2 and its behavior at 
roots of unity. 

Note that one can represent the terms R^ , R^ of universal i?-matrix in a 
more suitable way by performing infinite sum and infinite product in 
So, we have (p3|): 

R+iz) = 1 + {E^F) (^-^ 



1 - zq-^K-^ (g) K 

{E®Ff {q-q-y , . 

(2)^-2! {I- zq-'^K-^ ® K){1- zq-^K-^ ® K) ^ ' 

■■■ ^ {n)q-2\ {l-zq-^K-^®K)...{l-zq~^nj^-i(^j^^^+--- 



1 — zq ^ ® K 



1 z^{q — q ^^'^ 

(2)^-2! (1 - zq-'^K-^®K){l - zq~^K-^ ® K) 



{n)g-2\{l-zq'^K-^^K)...{l-zq~^nx~i^Ky ' 
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and 
where 

f{z) = exp ^ (g - g 



R%z) = f{z)R%z) (25) 
1 [Xin]g[X2n]A z^ 



n>i \ [2n]g ; n 



(26) 



oo 



oo 
i=0 



R\z) = exp E ( J^:^^ (^"'^" - ^"") ® - ^'^") j - (27) 



n>l 



X 



exp y ( iq-''^ - i^-") ® g-"i^ + g"^^ ® (iT" - g^^")^ — 



By performing the infinite sum in (^7| ) one can easy show that the term 
B?{z) acting on v^^ ® Vj^ gives rise to the following expression, which is well 
defined in the limit g^ ^ 1: 

.o,.,.,A.^ A. _ ni,-,.+i(i-g-V--^^^) 



The scalar factor f{z) ( p6[ ) is singular for g^ =1. It can be omitted 
from the expression of i?-matrix. So, the regular expression of i?-matrix for 

g^ = 1 on Mx-^ ® Mx^ has the form 

Rx,,xM = R^{z)R\z)R-{z) (29) 

Note that it satisfy Rx^,x2{z)vq^ ® = ® ^^o^- This renormalized ex- 
pression of i?-matrix does't satisfy the quasitriangularity condition (^. The 
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intertwining property (0) and spectral parameter dependent Yang-Baxter 
equation 

-RAi,A2( — )-RAi,A3( — )-Ra2,A3( — ) = -Ra2,A3( — )-RAi,A3( — )-RAi,A2( — ) (30) 

X2 X^ X2 

are satisfied. 

Let us consider now the possibility to restrict (|29|) on finite dimensional 
semicyclic modules. Recall that the semicyclic module Va,\ is obtained by 
factorisation of Mx on I^^x = {F^ — a)Mx for some a G C: 

Va,X = Mx/Ia,X 

The i?-matrix (pOf ) is well defined on Va^^^Xi ® Va2,\2 if it preserves this fac- 
torization, i.e. 

Rx,Miz){Mx, ^ L^m) C {Mx, ® )0(4„A.®M,J (31) 

and 

Rx,,x2{z){Ia,M ® C (Ma, ® 

-^02, A2 

)0aai.A,®MAj (32) 

The conditions above follow from 

i?A„A2 (A/-F^®1 + 1®F^) 



(Ai^^-l®F^^+F^^®l)i?A,A2 - 

V2/ 



i?A„A2 (^^ j (x^ ■ ® 1 + y^Ai^ ■ 1 ® 

= (y^ ■ 1 ® + x^A/ ■ ® l)i?A„A2 Q 

Here we used the intertwining property @) for 

A(Ff ) = Ff ® 1 + iTf ^ ® Fi A(i^^) = i^^ ® irf + 1 ® i^^ 
So, one can express the operators 

i?A„A2 (i^^ ® 1) and i?A„A2 (1 ® F"^) 
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linear combination of the operators 



(F^ ® F j and (1 ® F^)i?A„A, P 



(if TV 7^ A2 ). In the same way, 



y 

Rx,M ((^"^ - Ai) ® 1) and Rx,M (1 ® (^"^ " ^2)) 

are a hnear conbinations of terms 

((F^ - Ai) ® l)i?A„A. and (1 ® (F^ - A2))i?A„A. 

with the same coefficients if parameters x, y, Ai, A2, ai, 0^2 he on the algebraic 
curve 



(f) =1 (33) 



1 _ 1 - A2^ 

In this case the factorisation conditions (|31| ) ,(|3^ ) are fulfilled and i?-matrix 
( ^91) can be reduced to i?-matrix Ry^^ x^^v^^ aj semicyclic representations 
of Ussl2, considered in |T^, |r^, |T^. The condition ( |55| ) on parameters of 
representations appears naturally as a consistency of factorisation a = 
M\/Ia,x with the intertwining property @ of i?-matrix. 

Note that the formulae (p3|) , (p^) , (pTj) , (pQ]) can be applied directly to semi- 
cyclic modules, using the constraint = a ■ id on V^^a- 



4 Discussions 

Let's consider now the possibility of restriction of the automorphism ([ToD in 
evaluation representation (^) to cyclic modules. Recall that their intertwin- 
ing operators are Boltsman weight of Chiral Potts model ([|lOl). The cyclic 
modules are representations of quotient algebra = Qi3,a,x, ^ = A), 
which is obtained from f/eS/2 by factorisation on ideal I/saX, generated by 
(F^-a),(F^-/?),(ir^-A^), {P,a,\eC) (§): 

Ql3,a,X = UirSl2/ Ip^a,X 
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The necessary condition for restriction of R{z) to is the constraint on 
parameters of representation to he on the algebraic curve, defined by 



Ql Q2 



(?) 



N 



Jl _ §2 



We expect that this condition is sufficient also and automorphism R can 
be restricted on some automorphism (outer, in general) of quotient algebra 
Q^i ® Q6' which we denote by RQ^i^Q^2. 

Consider now its action on tensor product of cyclic modules V^^ ® V^2- 
^Qei®Q{2 reduced here to matrix algebra automorphism. Recall that every 
automorphism of matrix algebra is inner. So, 



with some matrix R^^^^2- This i?-matrix is nothing but to the Boltsmann 
weights of Chiral Potts model. 

For quotients Qo,a,x, corresponding to semicyclic irreps, this suggestion 
is true. 

Note that in case of g'^ = 1 there is a Hopf algebra homomorphism between 
different quotients, as it was observed in This fact was used there to 
construct i?-matrices of quotient algebras for = 1 from the i?-matrix of 
Qo,o,Ai ® Qo,o,Ai , which corresponds to nilpotent irreps. 

Another question is to extend these results in case of other quantum 
algebras. 

Then we had finished this work, we saw the papers |^ and [^, where the 



center of quantum Kac-Moody algebras was studied also. As it was observed 
there the automorphisms uj± (|18|) corresponds to translations of quantum 
Weyl group. 



The authors thanks V.Pasquer, J-B.Zuber for helpfull discussions and 
Saclay Theory Division for hospitality, where this work was started. 
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